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This paper presents a synergistic methodology to analyze damage behavior in composite
laminates with transverse matrix cracks in plies of multiple orientations. The approach
combines the strengths of micro-damage mechanics (MDM) and continuum damage
mechanics (CDM) in predicting the stiffness degradation due to presence of transverse
cracks. The micromechanics is performed on a representative unit cell using a three-
dimensional ﬁnite element analysis to calculate the crack opening displacement (COD)
accounting for the inﬂuence of the surrounding plies, the so-called constraint effect. This
information is then incorporated in the CDM formulation dealing with laminates contain-
ing cracks in different ply orientations through a ‘constraint parameter’. In CDM, a separate
damage mode is deﬁned for each type of crack and the expressions for engineering moduli
of the damaged laminate are derived in terms of crack density and the constraint param-
eter. The COD and stiffness degradation predictions agree well with published experimen-
tal data for ½0= h4=01=2s laminate conﬁguration. To enable damage analysis of other
conﬁgurations of ½0m= hn=0m=2s laminate, a parametric study of the CODs is performed
and using the computations a master equation is developed.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
In an un-constrained uni-directional composite, such as a ply not bonded to other plies, a uniform tensile stress applied
normal to ﬁbers will cause failure from a single crack lying in the matrix between ﬁbers or at the ﬁber/matrix interface. How-
ever, if the composite is constrained, such as a ply within a laminate, then failure does not result from a single crack. Instead,
multiple cracks form as the applied load increases. This phenomenon is described as multiple matrix cracking (Talreja, 2006).
These matrix cracks usually form ﬁrst in the ply thickness direction and then grow along ﬁbers spanning the laminate width.
Matrix cracks, usually the ﬁrst mode of damage, are not critical from a ﬁnal failure point of view but can lead to a signiﬁcant
reduction in individual ply properties as well as in the laminate properties. Modeling of stiffness degradation subsequent to
matrix damage has been the topic of extensive research in the recent decades, especially for cross-ply laminates ð½0m=90nsÞ.
A variety of analytical approaches have been suggested, e.g., ply-discount method, shear lag models (Highsmith and Reifsn-
ider, 1982; Lim and Hong, 1989), variational method (Hashin, 1985), self-consistent approximation (Dvorak et al., 1985), 3-D
laminate theory (Gudmundson and Ostlund, 1992) and continuum damage mechanics (Talreja, 1985a; Allen et al., 1987).
However, most of the research work is limited to cross-ply laminates, which are easier to analyze but are not used often
in practical applications. Analyzing damage in laminates of general layup is quite challenging due to multiplicity of damage
modes and the constraints induced on individual ply cracks by the neighboring plies.
Composite laminateswith off-axis plies are important for applicationswhere structures undergo loading combinations that
necessitate use ofmultiple ﬁber orientations to generate required properties. Still, damage in such laminates has not been fully
analyzed. Masters and Reifsnider (1982) experimentally observed damage development in quasi-isotropic (½0= 45=90s and. All rights reserved.
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trix crack growth behavior under quasi-static and fatigue loadings in quasi-isotropic glass–epoxy laminates and used general-
ized plane-strain ﬁnite element analysis to predict stiffness degradation and ply stress distribution (Tong et al., 1997b).
However, damage in off-axis plies is essentially a 3-D stress analysis problemanda generalizedplane strain formulation cannot
adequately address it. Other approaches such as equivalent constraint model (ECM), in combination with the ﬁrst order shear
deformation laminated plate theory (FSDT) (Zhang and Herrmann, 1999) and with a modiﬁed shear lag analysis (Kashtalyan
and Soutis, 2000), have also been attempted. Recently, Yokozeki and Aoki (2004, 2005a,b) have analyzed laminates with obli-
quely crossedmatrix cracks utilizing a two-dimensional shear lag analysis. Considering the complexity of the problemat hand,
theseworks are good starting point but they provide approximate solutionswhose accuracy cannot be fully veriﬁed as no exact
analytical solutions currently exist.
To analyze the deformational response of composite laminates subsequent to matrix cracking, the most direct mea-
sure of crack inﬂuence over laminate properties is the ‘‘coefﬁcient” of crack opening displacement (COD), i.e., average
crack surface separation per unit of an applied load quantity. Only a few researchers in the past have focused on surface
displacements of ply cracks in an explicit manner. Gudmundson and Ostlund (1992) derived analytical expressions for
average stiffness properties of cracked symmetric laminates in terms of COD. They assumed that the average COD for
matrix cracks in a composite laminate of general layup could be approximated by the analytical solutions of an array
of parallel cracks in an inﬁnite homogeneous medium. However, this completely neglects the constraint effect on
COD and evaluating the consequence of such approximation is therefore necessary either by experimental or computa-
tional means. To study COD, Varna et al. (1993) developed a device to experimentally measure COD in cross-ply lami-
nates. A separate study (Varna et al., 1997) veriﬁed the accuracy of different analytical models for estimating COD in
cross-ply laminates. Joffe et al. (2001) later used a FE plane stress model to evaluate the average COD dependence on
the crack spacing and on the constraint of adjacent sub-laminates.
The classical CDM approach is quite efﬁcient in predicting stiffness degradation if certain phenomenological constants
can be evaluated (Talreja, 1985b). An experimental evaluation of the constants may not be easy in all cases and to alle-
viate this limitation, Talreja (1996) later proposed a synergistic damage mechanics (SDM) approach and illustrated it to
describe the deformational response of ½h=902s laminates. This approach combines micromechanics and continuum
damage mechanics judiciously to produce a versatile methodology. The micromechanical damage mechanics, or brieﬂy,
micro-damage mechanics (MDM) performs analysis of local stress-redistributions due to cracking, incorporating the mi-
cro-level geometry. On the other hand, CDM, as formulated by Talreja (1985a, 1991), allows a speciﬁc output of MDM
(COD) to be used within a representative volume element (RVE), i.e., at meso level. In this way, the synergism between
micromechanics and CDM effectively treats the multi-scale nature of damage. More recently, the SDM approach has also
been extended to analyze viscoelastic behavior of composites with damage (Varna et al., 2004).
In the present study, we present a synergistic methodology to deal withmatrix cracks in plies with multiple off-axis orien-
tations. The continuum damage mechanics formulation of particular relevance to this work is the one presented by Talreja
(1991, 1994), wherein the damage state in the laminate is described by second order tensors. In the present scenario, the dam-
age state can be suitably represented by damagemode tensors regarding ply cracking in each orientation as an individual dam-
age mode. The constraint effects on the cracked plies imposed by the surrounding plies are evaluated in terms of the COD
changes in off-axis plies. CODs are determined using 3-D FE analysis and then subsequently used in the CDMmodel through
the constraint parameter to predict the stiffness properties of the degraded laminate. The CODs are evaluated at different ap-
plied strains and the variation in these is checked against the experimental values at 0.4% and 0.6% strains. The strength of SDM
approach lies in accurate COD calculation using computational micromechanics and an accurate damage description using
CDM. Thus, SDM promises to be a pragmatic solution to the damage analysis problem for laminates with complex layups for
which analytical results are difﬁcult to derive. In order to make the SDM approach more versatile, detailed parametric studies
are conducted to study the variables which may affect the constraint of un-cracked plies over cracked plies. Using these para-
metric studies, amaster equation for CODs in terms of geometry andmaterial variables is proposed. Also, the proﬁle of average
crack surface displacements through thickness of the cracked ply is studied for different laminate conﬁgurations. Finally, stiff-
nessmoduli for ½0m= hn=0m=2s laminates are predicted for different stiffness and thicknesses of cracked and supporting plies.
2. Synergistic damage mechanics methodology for ½0m=%hn=0m=2s laminates
Consider a symmetric laminate with a general layup, e.g. ½0m= hn=/ps, loaded in axial tension, with / restricted to angles
which do not cause cracking. The loadingwill produce an in-plane stress state in each off-axis ply consisting of normal stresses
along and perpendicular to ﬁbers in that ply and a shear stress in the plane of the ply. Depending on the values of h, / and ply
properties, the stress perpendicular to the ﬁbers could be tensile or compressive. Thus, on loading, an off-axis ply may or may
notdevelop intralaminar cracks.When h ¼ 90 thematrixwill undergomultiple cracking in the transverseplies. For other cases
of off-axis ply orientations, multiple cracking is typically observed to occur for angles from50 to 90. However, it has been ob-
served that even in cases where these cracks do not initiate in the off-axis plies, the laminate moduli change with the applied
load due to shear stress induced damage within the plies (Varna et al., 1999b).
When cracks are formed, the opening and sliding of crack surfaces alter the stress and strain states in the cracked plies,
thereby changing the global deformational response of the laminate. The damage state in the laminate representative
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laminates with cracks in þhn and hn plies, the damage state can be represented by two damage mode tensors, one each
for matrix cracking in þhn plies and hn plies. Following Talreja (1991, 1994), the elements of the damage tensor for a par-
ticular damage mode a can be expressed asFDðaÞij ¼
jt2c
st sin h
ninj ð1Þwhere ni ¼ ðsin h; cos h; 0Þ are components of the unit vector normal to a matrix crack plane in the off-axis ply in the
global coordinate system Xi, i=1,2,3 and j, known as the constraint parameter, represents the constraint effects of sur-
rounding plies on the cracked plies. Fig. 1 shows a RVE illustrating one set of intralaminar cracks in an off-axis ply of a
composite laminate. Although for clarity of illustration the cracking is shown only in one lamina, it is understood that in
general it exists in multiple plies of the laminate. The thickness of the cracked plies is denoted by tc, s is the crack spac-
ing, t is the total laminate thickness, and W and L stand for the width and the length, respectively, of the RVE. For an
initially orthotropic laminate with multiple damage modes, whose interactions are neglected, the stiffness matrix is gi-
ven by Talreja (1991, 1994).Cpq ¼ C0pq þ
X
a
CðaÞpq ð2Þwhere, p; q ¼ 1;2;6, C0pq is the stiffness coefﬁcient matrix of the virgin laminate and DCpq ¼
P
aC
ðaÞ
pq ¼ Cpq  C0pq represents the
stiffness change due to matrix cracking averaged (homogenized) over the RVE. As is shown in an earlier work (Talreja,
1985a), any two symmetrically placed damage ﬁelds of equal intensity in an initially orthotropic material will retain the
orthotropic symmetry of the elasticity tensor. For ½0m= hn=/ps laminate conﬁguration under axial loading, this condition
is approximately met when / ¼ 0 and p ¼ m=2. For this case, we haveC0pq ¼
E01
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77775 ð3Þig. 1. A representative volume element (RVE) illustrating intralaminar multiple cracking in a general off-axis ply of a composite laminate.
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virgin laminate. In Eq. (4), jh is the constraint parameter and aiðhÞ, i=1, 2, 3, 4 are phenomenological constants for ply of ori-
entation h. From this equation it is clear that the two symmetric damage modes (þh and h cracking) effectively act as a
single damage mode. The engineering moduli for the damaged laminate can now be derived from the following
relationships:E1 ¼ C11C22  C
2
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a3ðhÞ ð9ÞAs seen from Eqs. (6)–(9), the shearmodulus is uncoupled from the other threemoduli and thus can be treated independently.
The three material constants jha1; jha2 and jha4 are present in the ﬁrst three coupled equations and can be evaluated for a se-
lected reference laminate, e.g. a cross ply laminate ðh ¼ 90Þ, by using data generated either experimentally or by an analytical
or a computationalmodel. The remaining constant jha3 associated with the shear modulus change can in principle also be ob-
tained similarly. However, experimental data to determine shearmodulus are usually difﬁcult to obtain. The analytical or com-
putational determination of the shear modulus for a cracked cross ply laminate would require setting up a boundary value
problem different from that needed to determine the other moduli. We shall not treat the shear modulus here since the con-
straint parameter jh can as well be studied by considering the other three elastic moduli.
The stiffness change in a given laminate subsequent to damage depends on how much the matrix cracks ‘‘open up” in
response to the imposed loading. This opening is affected by the neighboring plies as they apply constraint on the defor-
mation of the cracked plies. Consequently, the stiffness change in a given laminate can be expressed as a function of the
constraint effect measured in an appropriate way. Here a reference laminate belonging to the class of laminates consid-
ered is selected and the relative constraint effect in the other laminates is expressed with respect to this laminate. The
stiffness change as a function of crack density in the reference laminate ðh ¼ 90Þ is determined either from experiments
or from numerical simulations (FE or micromechanics). Based on notions of fracture mechanics, the relative constraint
effect is taken as the ratio of the COD in the off-axis ply to that of the same-sized transverse crack in the reference
laminate.
For laminates of the ½0m= hn=0m=2s conﬁgurations, the material constants ai are assumed to remain unaffected by the
angle h for a given ply material. From experimental observations on carbon/epoxy (Talreja, 1996) and glass/epoxy (Varna
et al., 1999a) laminates, this assumption has been found to hold true. This is supposedly because the damage-associated con-
stants are primarily determined by the constituent ply properties and are only weakly dependent on ply orientation. Of
course, the inﬂuence of the ply orientation on the constraint imposed by surrounding plies over damaged plies is important
and is suitably carried by the ‘constraint parameter’ through changes in COD. The procedure to evaluate a1; a2; a4 and jh will
now be described. Using Eqs. (2)–(4) with h ¼ 90 and s ¼ s0; we obtainE01
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Fig. 2. Flowchart showing the multi-scale synergistic methodology for analyzing damage behavior in a class of symmetric laminates with layup
½0m= hn=0m=2s containing transverse cracks in þh and h layers.
Fig. 3. A representative unit cell for FE analysis of ½0= h4=01=2s laminate.
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E1; E2;G12; m12 and m21 evaluated at crack density s ¼ s0. Solving this equation thematerial constants of interest can bewritten asFig. 4.
uz are aa1j90 ¼ s0t
2t2c
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1 m12m21 
E01
1 m012m021
" #
ð11Þ
a2j90 ¼ s0t
2t2c
E2
1 m12m21 
E02
1 m012m021
" #
ð12Þ
a4j90 ¼ s0t
t2c
m12E1
1 m12m21 
m012E
0
1
1 m012m021
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ð13ÞThe procedure for damage analysis in the synergistic damagemechanics approach is sketched in Fig. 2. As illustrated, this proce-
dure combines micromechanics with CDM for complete evaluation of structural response. Micromechanics involves analysis to
determine CODs in cracked plieswithin a RVE (or unit cell, if applicable), fromwhich the constraint effect is evaluated, aswe shall
explain in thenext section. The constraint effect is carried over in theCDMformulation through the constraintparameter. In a sep-
arate step, the damage constants j90ai are determined from data for a reference laminate, which, as mentioned earlier, is chosen
here tobe ½0=908=01=2s.With thevaluesof thej90ai constants andb ¼
jh
j90
known, theCDMbasedexpressions givenbyEqs. (6)–(9) 0.001
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duced stiffness properties for the laminate.
3. FE Modeling
Three-dimensional FE analysis is performed here as a micromechanical tool to evaluate the constraint effect. We note that
although some analyses in literature use 2-D generalized FEmodels even for damage in off-axis plies, e.g. in ½0=90= 45s lam-
inates (Tong et al., 1997b), the boundary value problem necessitates a 3-D analysis. A representative geometric model for
½0=  h4=01=2s laminate conﬁguration along with the boundary conditions is shown in Fig. 3. As noted earlier, in this laminate
conﬁguration both sets of of-axis plies (+h andh plies) experience almost identical constraint from the un-cracked 0-plies and
hence the COD values for cracks in both orientations are expected to be nearly equal. The experimental results, which naturally
show scatter, seem to support this (Varna et al., 1999b).We shall compute the CODs here to validate this expectation. Since the
experimental data onCODwere taken for cracks sufﬁciently away fromneighboring cracks to eliminate themutual crack inter-
actioneffectonCODs, focusing insteadontheconstraint effect,weshall simulate theexperimental conditionbychoosinga large
length of the RVE (unit cell) in the FE analysis conducted here.
For the laminate used in the experimental work, ply thickness and laminatewidthwere equal to 0.125 and 3.5 mm, respec-
tively. The ply material is glass–epoxy (HyE 9082Af, Fiberite) with in-plane properties E11 ¼ 44:7 GPa, E22 ¼ 12:7 GPa,
G12 ¼ 5:8 GPa and m12 ¼ 0:297. To obtain the remaining properties for use in the 3-D model, the unidirectional ply is assumed
transversely isotropic in the cross-sectional plane. Thus, E33 ¼ E22 ¼ 12:7 GPa; G13 ¼ G12 ¼ 5:8 GPa;m13 ¼ m12 ¼ 0:297;
G23 ¼ E222ð1þm23Þ ¼ 4:885 GPa. The Poisson’s ratio in the isotropic cross-sectional plane m23 is taken as 0.3. 0
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Fig. 5. Comparison of average CODs with experimental results (Varna et al., 1999b) for ½0= h4=01=2s laminate for (a) axial ¼ 0:5% (b) varying axial .
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and 90. The mid-plane symmetry of the laminate was accounted for in the FE models. The matrix cracks were taken to have
grown across the entire width of the specimen, as observed in the experimental work. ANSYS SOLID45 (eight-noded isopara-
metric) elements were used. Each FE model contained 20,000–60,000 elements. Mesh density was varied to arrive at an opti-
mum level of accuracy and complexity of the 3-D FEmodel. Mappedmeshingwas utilized to ﬂow themesh smoothly through
the thickness.Aspect ratio of elementsnear the crack surfaceswaskept close to1.0 forbetter accuracy. LinearElastic FEanalyses
were carried out usingANSYS 9.0 at strain levels ranging from0.1% to 1.0%. Displacement boundary conditionswere applied by
constraining the left end of the unit cell and providing required displacement at the right end, such that,Fig. 6.
compar
the asyðu1ÞX1¼0 ¼ 0; ðu1ÞX1¼2l ¼ u0; ðu3ÞX3¼0 ¼ 0ðsymmetryÞ ð14Þwhere DX1 ¼ 2l and u0 represent the length of unit cell and the applied displacement, respectively, in the laminate longitu-
dinal direction.
4. Results and discussion
TheresultsobtainedbytheSDMapproachdescribed inSection2aregrouped in foursectionsbelow.First, theCODscomputedbythe
FEmodelarecomparedwithavailableexperimentaldata toverify theiraccuracy.Next, thestiffnessmoduli for ½0= h4=01=2s laminates
are predicted and comparedwith the experiments. A detailed parametric study is then conducted to determine the dependency of the
CODonthefactors thatcharacterize theconstrainteffect. Finally, theconstraintparameter is calculatedfromtheCODresultsandused in
theSDMmethodologydescribedaboveforpredictionofstiffnesspropertychangesduetooff-axiscrackingin ½0m=  hn=0m=2s laminates
with varyingm;n and stiffness ratio of the cracked plies relative to the constraining plies.
4.1. Crack surface displacements
Fig. 4 shows the variation of nodal displacements in x, y and z directions (see Fig. 3 for coordinate system) plotted with
respect to x. All the displacements are averaged over thickness of the cracked layers. The average nodal displacements in x 0
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mmetry of opening displacements for off-axis laminates, especially at a ply orientation farther from h ¼ 90 .
4582 C.V. Singh, R. Talreja / International Journal of Solids and Structures 45 (2008) 4574–4589(crack longitudinal) and y (normal to crack plane) directions are nearly same in þh and h layers in values and show similar
trends over x; whereas in z-directions they are just opposite showing that as overall out of plane displacement is nulliﬁed.
Thus, displacements averaged over the two orientations of cracks result in only symmetric components. The canceling of
anti-symmetric components retains the overall orthotropic symmetry of the laminate. While the nodal displacements of
the crack surfaces in y direction correspond to the opening mode (Mode I), the nodal displacements in x and z directions
correspond, respectively, to the in-plane and out-of-plane sliding modes (Mode II and III). The sliding displacements are ob-
served to be lower than the opening displacements. Especially, the out-of-plane displacements are negligible as compared to
the opening displacements. Hence, for prediction of stiffness of the damaged laminate, crack opening displacements are en-
ough. However, the in-plane sliding displacements may release substantial energy during fracture events and must be con-
sidered while analyzing the damage progression in off-axis laminates, which will be dealt in a future work.
In a previous work (Varna et al., 1999b), comprehensive experiments were carried out to evaluate CODs in ½0= h4=01=2s
laminates subjected to tensile loading in axial direction. The full-size specimens (20 mm width) were loaded in an Instron
1272 testing machine to measure residual elastic properties at different states of damage and to characterize damage (den-
sity of cracks in the h-plies) in the laminates at increasing tensile loads. Thin strips (3.5 mm width) were then cut longitu-
dinally from the cracked specimens and were placed in a set-up developed for measuring COD. The set-up consisted of a
miniature materials tester (MINIMAT) for loading the thin strip to open cracks, which were observed by an optical micro-
scope equipped with a video camera. The video signal transmitted to a TV monitor displayed the crack proﬁle at sufﬁcient
magniﬁcation (2463) to measure the COD. A typical COD of 10 lm was thus magniﬁed to 24.63 mm. The micro-specimens
(thin strips) were loaded at two pre-selected longitudinal strains, 0.4% and 0.6%, for the COD measurements. A specially con-
structed mini-extensometer was used to measure strains on the micro-specimens. These strains were much below the
strains in the macro-specimens at which the intralaminar cracks were produced, thus generating no further cracking. The 0
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Fig. 7. Stiffness reduction for ½0=908=01=2s laminate compared with experimental results (Varna et al., 1999b). These results form the basis for computation
of CDM constants.
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containing cracks).
In a general case, COD in a RVE depends on the crack spacing, the laminate layup parameters, the orientations of the
cracked plies, their relative thickness as compared to the longitudinal plies, the imposed loading level and the ratio of stiff-
nesses of cracked and constraining plies. The average COD is deﬁned asDuy ¼ 1tc
Z tc=2
tc=2
DuyðzÞdz ð15Þwhere Duy represents the separation of crack planes in the direction normal to the crack face. In experiments, no matrix
cracks were observed on the specimen edge for ply orientations below h ¼ 40. However, note that FE analysis assumes
transverse cracks present for all angles of ply orientations. To estimate Duy numerically, Duy is determined from nodal y-
direction displacements averaged over the entire crack surface. Furthermore, in keeping with the assumption of equal dam-
age inþh and h plies, the average COD values are averaged over the two orientations to eliminate any small differences. The
experimental and numerically estimated results are compared in Fig. 5(a) for 0.5% axial strain. The experimental data for this
strain is taken by averaging COD measurements for 0.4% and 0.6% axial strains. The variation of CODs with applied axial
strain is compared with experimental data in Fig. 5(b).
The proﬁles of normalized CODs, averaged over þh and h plies, through the thickness for different ply orientation are
shown in Fig. 6(a). As expected, for cross-ply laminates, the proﬁle is symmetric about mid-plane of the cracked ply and con-
sequently the maximum COD occurs at the mid-plane of the cracked layer. This COD proﬁle is different from an elliptic pro-
ﬁle for a single crack in an inﬁnite isotropic elastic medium subjected to a uniform far-ﬁeld stress due to difference in
constraint from the surrounding material. Fig. 6(b) compares the actual COD proﬁle (based on FE computations) and an 0
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Fig. 8. Stiffness reduction for ½0= 704=01=2s laminate compared with experimental results (Varna et al., 1999b).
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elliptic crack. For other off-axis laminates, the crack surface displacements are not symmetric about the mid-plane as shown
in Fig. 6(b)–(d). This asymmetry increases as we go away from cross-ply laminates ðh ¼ 90Þ and maximum COD does not
occur midway through the thickness of the cracked þh4 or h4 layers (e.g., for h ¼ 40, see Fig. 6(d)). The aspect ratio of
COD proﬁles, c ¼ ðDuyÞmax
Duy
varies from 1.33 for h ¼ 90 to 1.40 for h ¼ 40. This is different from the aspect ratio of 1.273 for
an elliptic proﬁle.
4.2. Prediction of stiffness degradation
In this section we will implement the SDM methodology described above for ½0= h4=01=2s laminates. Following the pro-
cedure sketched in Fig. 2, the constraint parameter jh normalized by j90 is taken as the average COD of the h-cracks relative
to the average COD of 90-cracks. Thus,b ¼ jh
j90
¼ ðDuyÞh4ðDuyÞ908
ð16ÞIt is noted that the COD value in the numerator is the sum of CODs of the þh4 and h4 cracks, while the COD in the denom-
inator is of an 8-ply thick 90-crack. All CODs are calculated at the same imposed displacement on the unit cells.
The procedure for stiffness prediction is now carried out in the following steps:
1. Determine the three material constants j90a1, j90a2 and j90a4 by solving the three coupled Eqs. (11)–(13). The data
needed to solve these equations are the elastic moduli E1, E2 ð¼ E02Þ and m12 (m21 is given by the reciprocal relationship
for orthotropic laminates) for a selected crack spacing s ¼ s0 in addition to the already known initial moduli and lamina 0
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Fig. 9. Stiffness reduction for ½0= 554=01=2s laminate compared with experimental results (Varna et al., 1999b).
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diction of the two moduli E1 and m12 normalized with corresponding values for a virgin laminate are shown in Fig. 7 where
they are compared with experimental data reported in Varna et al. (1999b). 0
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Fig. 10. Variation of average COD for ½0m= hn=0m=2s laminate with (a) axial stiffness ratio, r (for m ¼ 1;n ¼ 4); (b) number of cracked plies, n; and (c)
number of constraining plies, m.
4586 C.V. Singh, R. Talreja / International Journal of Solids and Structures 45 (2008) 4574–45892. Determine b by using calculated COD values in Eq. (16). Find jha1, jha2 and jha4 by multiplying with b the constants j90a1,
j90a2 and j90a4 determined in Step 1. Calculate E1; E2 and m12 from Eqs. (6)–(8) by substituting these constants, using the
assumption that a1; a2 and a4 are independent of h, as noted above.
The elastic moduli E1 and m12 predicted by SDM approach are shown in Fig. 8 for ½0= 704=01=2s laminate. Experimental
data reported by Varna et al. (1999b) are also shown for comparison. The agreement with data is about the same as that
obtained by using experimentally measured COD values in Eq. (16).
For the ½0= 554=01=2s laminate the stiffness reduction is caused by matrix cracking as well as shear induced damage
in off-axis plies, as discussed in Varna et al. (1999b), where a procedure for calculating stiffness reduction due to shear
damage was described. Fig. 9 shows the predictions of E1 and m12 by the SDM procedure. Experimental data from Varna
et al. (1999b) are also shown for comparison. The total reduction in the elastic moduli is taken as the sum of the two
effects, as in Varna et al. (1999b), and the ﬁnal values are shown in Fig. 9 along with experimental data. Once again, the
agreement of predictions with the experimental data is nearly the same as that reported in Varna et al. (1999b) by using
measured COD values.
It would be of interest to note that the stiffness predictions using experimentally measured COD values in Eq. (16) are
subject to scatter, which is inherent in testing. Furthermore, the experimental procedure requires a specialized test set-
up (Varna et al., 1993, 1999b), which is costly and takes a certain amount of training to operate. The 3-D FE computations
on a unit cell, on the other hand, are easy to perform and can provide accurate values of CODs.
4.3. Parametric study of constraint effects
In the preceding section we have illustrated the SDM procedure for stiffness prediction of ½0= h4=01=2s laminates using
computed average COD results, which provide the relative constraint parameter b (Eq. (16)). It is of interest to know how the 0
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Fig. 11. Stiffness reduction for ½0=  704=01=2s laminate for different axial stiffness ratio, r.
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½0m= hn=0m=2s. This laminate conﬁguration is restricted by the assumption that the cracks are present only in the þh
and h plies, which have nearly the same constraint. Thus, the parameters to vary are the crack orientation h and ply thick-
nesses m and n. Furthermore, variation of the ply material itself can be accounted for through relative ply moduli, as sug-
gested by previous studies (Joffe et al., 2001; Varna et al., 1999a).
The FE model described above was used to calculate COD values for various cases by systematically varying the param-
eters involved. First, the effect of relative stiffness of the plies was studied by ﬁxing the ply thicknesses at m ¼ 1 and n ¼ 4
and varying h in the range 40 6 h 6 90. Lower h values were not used since the experimental observations suggest that
cracks do not form at those ply orientations under axial tensile loading. The computed average COD values are plotted
against a ply stiffness ratio in the laminate axial direction (X1 direction) given by r ¼ E
h
A
E90A
 
in Fig. 10(a) for different h-values.
Here, EhA and E
90
A represent the axial stiffness of h-plies and the 90-plies, respectively.
Next the effect of cracked ply thickness, or equivalently, the number ‘n’ of adjacent cracked plies is studied by ﬁxing
m ¼ 1. The average COD is plotted against n for different h in Fig. 10(b). Finally, the effect of the thickness of the constraining
plies is studied by ﬁxing n ¼ 4 and varying m. The COD variation for this case is shown in Fig. 10(c). All variations of average
COD described above are captured in a master equation assuming that the individual effects are independent, i.e., non-inter-
active. Thus, the following equation resultsðDuyÞhn ¼ U  f1ðhÞ  f2ðrÞ  f3ðmÞ  f4ðnÞ ð17Þ
where, U is the average COD for the reference laminate ½0=908=01=2s.
The parametric functions fi are obtained by curve-ﬁtting the computed data and are given by 0
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Fig. 12. Stiffness reduction for ½0m= 704=0m=2s laminate for different number of constraining plies, m.
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f2ðrÞ ¼ rc1 ð19Þ
f3ðmÞ ¼ c2m þ c3 ð20Þ
f4ðnÞ ¼ c4nc5 ð21ÞThe values of the constants appearing in these relations are found to be: c1 ¼ 0:0871; c2 ¼ 0:1038; c3 ¼ 0:8949;
c4 ¼ 0:247; c5 ¼ 0:99. It is noted that these constants are laminate material speciﬁc.
4.4. Stiffness predictions for other laminates
The parametric study described above enables us to predict stiffness degradation in off-axis laminates with different
geometry and stiffness values. For example, one can consider a laminate with stiffer outer plies. The average COD used in
Eq. (16) for different values of stiffness ratio can be computed using Eq. (17). The variation of engineering moduli E1 and
m12 for different stiffness ratios ðrÞ for ½0= 704=01=2s laminate is shown in Fig. 11. As expected, stiffer outer plies cause less
sever degradation in the moduli. In contrast to changing the stiffness of outer plies, one can vary the number of constraining
ðmÞ or cracked plies ðnÞ. The effect of number of supporting plies over change in stiffness moduli E1 and m12 of the
½0m= 704=0m=2s laminate is shown in Fig. 12. The effect of number of cracked plies over change in stiffness moduli E1
and m12 of the ½0= 70n=01=2s laminate is shown in Fig. 13. Fig. 11–13 indicate that the cracking ply thickness, i.e., crack size,
has signiﬁcant effect on stiffness degradation, while the thickness of the constraining plies as well as the change in axial
stiffness ratio r have small effect. 0
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Fig. 13. Stiffness reduction for ½0= 70n=01=2s laminate for different number of cracked plies, n.
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One major goal of damage mechanics is to provide methodologies for predicting changes in the mechanical response of
composite laminates undergoing damage. It appears unrealistic at this point that this goal can be achieved for general lam-
inates by a single method or approach. To make progress, however, it is necessary that the approach taken is capable of treat-
ing laminates of more complex conﬁguration than the cross ply laminate, at the least. In the work reported here, we have
made effort in this direction by considering a class of laminates given by ½0m= hn=0m=2s. The approach taken has been to
use the CDM framework that has the capabilities to treat general laminates with wide range of damage modes. To make
the CDM framework versatile and practical, a methodology has been developed that utilizes computational micromechanics
in sufﬁcient measure to provide synergism with CDM, producing what we have called synergistic damage mechanics (SDM).
Speciﬁcally, a constraint parameter (or function) is computed from a FE analysis of CODs in a unit cell and entered into the
CDM stiffness-damage relationships. This provides a methodology for prediction of stiffness changes due to cracking in the
off-axis plies when those changes for a selected reference laminate ð½0=908=01=2sÞ are known.
Although the SDM approach was described in earlier works (Talreja, 1996; Varna et al., 1999b), it was illustrated only for
one speciﬁc subclass of the general laminate conﬁguration stated above, i.e. ½0= h4=01=2s. Also, the CODs needed in the ap-
proach were measured on the edges of test coupons using a specialized set-up developed for the purpose. In the present
work we have used those experimental CODs to verify the computed values by a 3-D FE analysis of appropriate unit cells.
We have then performed a parametric study of CODs to cover the general ½0m=  hn=0m=2s laminate over useful ranges of
the parameters m, n and h. A master equation is developed by curve-ﬁtting the computed data that can provide the basis
for stiffness prediction at a given damage state in the laminate at hand.
A successful completion of the task of treating two off-axis cracking modes (þh and þh) points to proceeding further to
treat three damage modes in ½0m= hn=90ps. This will be the subject of our next report.
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